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Abstract

In this paper, a spectral element model is developed for the uniform straight pipelines conveying internal unsteady
fluid. Four coupled pipe-dynamics equations are derived first by using the Hamilton’s principle and the principles of
fluid mechanics. The transverse displacement, the axial displacement, the fluid pressure and the fluid velocity are all
considered as the dependent variables. The coupled pipe-dynamics equations are then linearized about the steady-state
values of the fluid pressure and velocity. As the final step, the spectral element model represented by the exact dynamic
stiffness matrix, which is often called spectral element matrix, is formulated by using the frequency-domain solutions of
the linearized pipe-dynamics equations. The fast Fourier transform (FFT)-based spectral dynamic analyses are
conducted to evaluate the accuracy of the present spectral element model and also to investigate the structural dynamic
characteristics and the internal fluid transients of an example pipeline system.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

The pipelines in chemical plants, pipeline arrays in steam generators, oil pipelines, pump discharges, propellant fluid
lines of liquid-filled rockets, and human circulation are typical examples which are used for the transport of high
velocity pressured fluids. The time-varying conditions imposed by pump or valve operations may change the internal
fluid field. Since the internal fluid keeps interacting with the pipe wall, the changes in the fluid field will keep changing
the dynamic behavior of a pipeline system. Conversely, the change in the dynamic behavior of the pipeline system will
change the internal fluid field. Sometimes such a structure—fluid interaction phenomenon may result in serious
vibrations to cause structural failures. Therefore, it is very important to accurately predict the structural dynamic
characteristics of a pipeline and the fluid transients inside of the pipeline during the early design phase. For this, one
may need more accurate and realistic pipe-dynamics theory in which the structure—fluid coupling is taken into account,
together with using a more accurate solution method.

There have been extensive studies on the modeling and analysis of the flow-induced vibrations of pipeline systems
over the past half-century: an extensive review on this subject can be found in Paidoussis and Li (1993). Ashley and
Haviland (1950) was the first to consider the internal flow-induced transverse vibration of a pipeline. Since Housner
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(1952) took into account the Coriolis acceleration of the internal fluid, numerous modified and improved pipe-dynamics
theories have been appeared in the literature. They include the linear theories, for instance, by Nemat-Nasser
et al. (1966), Stein and Tobriner (1970), Chen (1971), Hill and Davis (1974), Paidoussis et al. (1986), and Lesmez et al.
(1990), and the nonlinear theories, for instance, by Semler et al. (1994), Lin and Tsai (1997), Jensen (1997), Zhang et al.
(1999), Oz (2001), Lee and Chung (2002). In most existing pipe-dynamics theories, the structural vibration of the
pipeline itself has been the main concern and the transient dynamics of internal fluid, which should be coupled with the
structural vibration, has been neglected. Mostly, the effect of internal fluid on the pipeline vibration has been taken into
account by considering the internal fluid velocity or pressure simply as a known parameter, rather than unknown
variables.

To consider the coupling between the pipeline vibration and unsteady internal flow, Lee et al. (1995) derived a set of
coupled pipe-dynamics equations for the axial, radial, and transverse vibrations of pipeline, as well as for the transients
of unsteady internal fluid pressure and velocity. The coupled pipe-dynamics equations were further generalized by
including the circumferential strain effect caused by the internal fluid pressure (Lee and Kim, 1999) and, later on, by
including the radial shell vibration and initial axial tension (Gorman et al., 2000). Recently, the vibration of an artery-
like tube conveying pulsatile fluid flow was studied by Zhang et al. (2002), and later they showed that the effect of
external vibration on the fluid flow rate and pressure in the tube is small (Zhang et al., 2003). The intensive review on
the fluid-structure interactions for the slender structures and axial flow can be found in the two-volume book by
Paidoussis (1998, 2003).

In the literature, various solution methods have been applied to the pipe-dynamics problems: the classical modal
analysis (Housner, 1952; Lee et al., 1995; Jensen, 1997), the Galerkin method (Nemat-Nasser et al., 1966; Chen, 1971;
Paidoussis et al., 1986; Lee and Chung, 2002), the Fourier and Laplace transform method (Stein and Tobriner, 1970),
the transfer matrix method (Lesmez et al., 1990), the finite element method (FEM) (Hill and Davis, 1974; Lin and Tsai,
1997; Zhang et al., 1999), the finite difference method (Gorman et al., 2000), the method of characteristics (Gorman et
al., 2000), the method of multiple scales (Oz, 2001), and the wave approach (Koo and Park, 1998).

The vibrating shape of a structure varies as the frequency of vibration varies. Thus, the conventional finite element
model formulated by using the (frequency-independent) polynomial shape functions may require the subdivision of a
structure element into finer elements in order to improve the solution accuracy, especially at high frequency. However,
if the frequency-dependent (dynamic) shape functions are adopted to formulate the finite element model, such a finer
subdivision may not be necessary. This idea leads to the exact dynamic stiffness matrix method (Banerjee, 1997).
Because the exact dynamic stiffness matrix is the stiffness matrix formulated in the frequency-domain, they can be
readily assembled by using the exactly same method that used in the conventional FEM.

In the literature, the fast Fourier transform (FFT)-based dynamic stiffness matrix method is often named spectral
element method (SEM) [e.g., Doyle (1997), Lee et al. (2000), Lee (2004)]. Because the exact dynamic stiffness matrix is
formulated from the exact dynamic shape functions which satisfy the governing equations of motion, it represents the
dynamic behavior of a structural element exactly. Thus, the SEM is often justifiably referred to as an exact solution
method (Banerjee, 1997; Doyle, 1997; Lee, 2004). Accordingly, in contrast with the conventional FEM, the SEM
enables one to use only one finite element for a uniform structural member, regardless of its length, without requiring
any further subdivision of the structural member to improve the solution accuracy. This may reduce the number of total
degrees of freedom (dof) to significantly lower the computation cost. Lee and Oh (2003) seems to be the first to apply
the SEM to the transverse and axial vibrations of a pipeline conveying internal steady fluid. To the authors’ best
knowledge, the SEM application to the pipeline conveying unsteady flow has not yet been reported in the literature.

Thus, the purposes of the present paper are (i) to develop a spectral element model for the pipeline systems conveying
internal unsteady fluid, and (ii) to conduct the FFT-based spectral element analysis to investigate the structural
dynamic characteristics and the internal fluid transients of an example pipeline problem.

2. Pipe-dynamics equations

We consider a straight pipeline subject to a small amplitude vibration. Fig. 1 shows an infinitesimal pipe-fluid element
that can be decomposed into the pipeline element and the fluid element (control volume). In Fig. 1, w(x, ¢) and u(x, f)
are the transverse and axial displacements of the pipeline, respectively, and p(x, ) and c(x, 7) are the fluid pressure and
velocity, respectively. The flow-induced resultant normal and tangential forces acting on the pipe wall are indicated by
N and 1S, respectively, where t is the shear stress due to the fluid friction and S is the inner perimeter of pipeline. As
shown in Fig. 1(a), the straight pipeline can be assumed to be initially inclined with the angle 0 (deg) with respect to the
ground. The acceleration of gravity, of which direction is perpendicular to the ground, is represented by g.
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Fig. 1. Free-body diagrams for the (a) pipeline element and (b) fluid elements.

The equations of motion for a pipeline and the relevant boundary conditions can be derived from Hamilton’s
principle:

4
/ (0T — U +6W)dt = 0. 1)
15}
The kinetic energy T and the potential energy U for the pipeline are given by

L
T:%/ @ + W) dx,
2 Jo

EA[) 70 / 1 72 1 /2 : E‘[J 72
U= A {E +<u +-uU"+ =W dx + ‘/0 w’* dx, )

where the overdot and prime denote the derivatives with respect to the time 7 and spatial coordinate x, respectively. E is
the Young’s modulus and T, is the constant axial tension. L, 4, I,, and m,, are the length, the cross-sectional area, the
second moment of area, and the mass density per length of the pipeline, respectively.

The total virtual work W, done by the flow-induced forces acting on the pipe wall and the resultant forces and
moments applied at the boundaries, is given by

L
oW = / [(zS + Nw")ou + (zSw' — N)dw]dx
0

+ (T = T,)ou(0) + (T2 + T,)ou(L) + M1ow'(0)

+ M>ow' (L) + V15w(0) + V0w(L), 3)
where M,, V| and T are the resultant moment, the transverse shear force, and the axial force applied at the inlet
boundary x = 0, respectively, whereas M,, V> and T, are those applied at the outlet boundary x = L.

Introducing Egs. (2) and (3) into Hamilton’s principle and integrating by parts gives the equations of motion for the

transverse and axial vibrations of the pipeline as

EIwW" — Tow" +myWw —tSw' + N =0,

(EAp + To)u" —mpii+ 1S+ Nw' =0 4
with the boundary conditions at x =0 as

MO)y=M; or w(0)=0,

V)=V, or w0)=0,

TO)=T, or u(0)=0 (5)
and at x = L as

M(L)= M, or w(L)=0,

V(L)y=V, or w(lL)=0,

T(L)y=T, or u(l)=0, (6)
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where

M(x) = EI,w"(x),

V(x) = —EI,W"(x) + T,w'(x),

T(x) = (EAp + To)u'(x). (7)

By applying Newton’s law of motion to the control volume (fluid element) shown in Fig. 1(b), the momentum
equations of fluid can be derived as

(pA) + Nw +1S+m(gy +ii+¢+cd +ci)=0,

(PAW) — N +1SW + my(gy + W 4 200 + éw' + 2" + edw') =0, (8)
where m,, is the fluid mass density per length, gy = gsin0 and gy = g cos 0. Since the gravity of fluid will become
important when the pipeline is inclined as shown in Fig. 1, the gravity effect is included in the momentum equations of
the fluid, while it is neglected in the dynamic equations of motion for the pipeline.

Similarly, by applying the law of mass conservation to the control volume, the continuity equation of the fluid can be
expressed as

pA + mya*(c — 2vii') = 0, )
where a is the wave speed of fluid defined by

E Et

;= (10)

pw(EUD + Et)

In Eq. (10) D and t are the inner diameter and thickness of the pipeline, respectively, and p,, and E, are the mass density
and bulk modulus of the fluid, respectively.

One may readily eliminate the fluid—structure interaction forces N and tS by properly combining Egs. (6) and (8) and
using the relation (Hansen, 1967)

A
S =m, ﬁcz, (11)
where fis the Darcy—Weisbach friction factor. Furthermore, neglecting the convective terms, the small nonlinear terms
and the static transverse deflection due to gravity on the fluid may give two equations of motion for the pipeline:
EIwW'" + (pA —T,+ mwcz)w” + p AW + my Qe + éw' + edw') + mw =0,

(EAp + To)u" — myii + myugyw' +my, 2f_D =0 (12)

and two fluid dynamics equations for the internal fluid:
pA+ a’my (¢ —2vil) =0,

P'A+mugyw +my, % A+ my(gy +ii+ ¢+ cd +cl) =0, (13)

where m = mj, + m,,. The two fluid dynamics equations, Eq. (13), can be combined to obtain a wave equation for the
fluid velocity ¢. Eq. (13) can be then replaced by

1 1 1 . . . " .. .
c”—a—2éc/—;cé/—;c—tg—Dcc—i—ﬁw’—hu —;cu/—;cu =0,
PA + dmy (¢ — 2vid) = 0. (14)

Egs. (12) and (14) represent the coupled, nonlinear pipe-dynamics equations for the pipeline conveying internal
unsteady fluid.

Now, the coupled, nonlinear pipe-dynamics equations will be linearlized about the steady state of internal fluid. Thus,
the fluid velocity and pressure are assumed as follows:

c(x, t) = Co + Ctl(x> t):
p(xa t) =D +pd('x’ t)’ (15)

where ¢4(x, ) <c, and p,(x, t) <p, represent the small perturbations with respect to constant steady-state values ¢, and
Do, respectively. Substituting Eq. (15) into Egs. (12) and (14) and neglecting small nonlinear terms may give the linear,
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semi-coupled pipe-dynamics equations as follows:

EILW'" 4+ (p,A—T,+ m,fc(z,)w” + 2mycoW + mw =0, (16a)

(EA, + To)u" — myii + mygyw' + my, % Colq + mw% cﬁ =0, (16b)
s C . f . ¢ gy - o Co o

cd—?cd—az—Dcucd—a—Z—a—zw—hu —a—2u20, (16c)

Pad + a*my(c, — 2vi) = 0. (16d)

One may see from Eq. (16), that the transverse displacement w(x, #) and the perturbed fluid pressure p x, t) are
completely decoupled from the other variables, the axial displacement u(x, #) and the perturbed fluid velocity c/x, 7).
Thus, once w(x, ?) is determined from Eq. (16a), u(x, ) and cx, t) can be solved from two coupled equations Egs. (16b)
and (16c), followed by determining px, t) from Eq. (16d).

3. Formulation of spectral element matrix

The general solutions of Eq. (16) can be assumed in the spectral forms (Doyle, 1997; Lee, 2004)

N N
w0 =D Wa)e ™, u(x,0) =Y Un(x)e™",
n=1 n=1

N N
ca(x,0) =Y Cu(x)e, pyx,1) =Y Pa(x)e, (17)
n=1 n=1

where i = ~/—1 and w, = 2nn/T(n = 1,2,..., N) represent the discrete frequencies: T is the period (i.e., time window)
and N is the total number of spectral components to be considered in the FFT-based spectral analysis. In Eq. (7),
W, (x), U,(x), C,(x) and P,(x) represent the spatially dependent spectral components (or Fourier coefficients) of w(x,1),
u(x,1), cAx,t) and px,1), respectively. Once the spectral components W,(x), U,(x), C,(x) and P,(x) are computed, the
vibration responses in the time-domain (i.e., w(x,?), u(x,1), cAx,t) and px,t)) can be reconstructed by summing all
computed spectral components, as self-explained by Eq. (17). This reconstruction process can be performed very
efficiently by using the FFT algorithm. The summation and the subscript # used in Eq. (17) are so obvious that they will
be omitted in the following for brevity.
Substituting Eq. (17) into Eq. (16) yields

aW'" + W' + aioW' — a0 W =0,

biU" = byo*U + bsW' + b4C + bs = 0,

C" + cioC' + (riw — 307 C + cio W' + ¢sioU" — i’ U’ = 0,

ioP + d(C' + ¢5sivU") =0, (18)
where
2

0°
bl = EAp + T, b2 = —np, b3 =mygy, b4 = I’anOf/D, b5 = ”nwci}(./zDa
o =—c/ab, ¢ =—cf (D), c=-1/a’, cs=—gy/d, 5= -2,

di = p,d*. (19)

ap=El,, ay=p,A—T,+myc az = 2my,c,, a4 = m,

In general, the spectral element matrix is formulated from the homogeneous governing equations (Doyle, 1997; Lee,
2004), which can be reduced from Eq. (18) as
aaW'" + ;W' + asioW' — aze* W =0,
biU" — by’ U + by W' + byC =0,
C" + cliwC + (ciw — 30 C + e W' + esioU" — c;w* U’ =0,
ioP + di(C' + ¢5si0U") = 0. (20)
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The general solutions of Eq. (20) are assumed as
W(x)= Wek,  U(x) = Ue*,
C(x) = Ce*™,  P(x) = Pel*~, 1)

where k is the wavenumber.
Substituting Eq. (21) into Eq. (20) gives an eigenvalue problem as

Ky 0 0 w 0
Ky K»n K U=<0,, (22)
K3y Ky Kss c 0

where

K = aik* — wk? — ayok — agor®, Ko = biik,

Ky = —bik* — b, Ky = by,

K3 = —cywk, Kz = 7(65iwk2 + ¢ w?ik),

K33 = —k* — ciok + erio — c307. (23)
From the condition for the existence of nontrivial solutions of Eq. (22), one may obtain the dispersion equations as

arkt — ek’ — azok — as0® = 0,
bk 4+ bieiok® + {(by + bie3)w” — i(bycy — bacs)w}k?
+ (hre 1@ + ibsc1 0Pk + br(c30 — icr)w® = 0. (24)
The first dispersion equation, Eq. (24a), will provide four wavenumbers k, k», k3 and k4 for the bending vibration
modes, whereas the second dispersion equation, Eq. (24b), will provide four wavenumbers ks, kg, k7 and kg for the axial

vibration—fluid velocity coupling modes.
Using the eight wavenumbers obtained from Eq. (24), the general solutions of Eq. (20) can be expressed as

4
W)= Wil =le,(0){$,},
Jj=1
4
Ue) =Y U = [ewe(0)]($y).
Jj=1

4
Cx) =Y 0" = [ewe(NDucl{byc) (25)
J=1

where

[en(x)] = [ gikix  gikax  giksx ei/qx],

[ew(x)] = [eik_sx eikex  gikrx eikgx],

[Dyc] = [diag())] (G =1,2,3,4) (26)
and {¢,,} and {¢,.} are constant vectors. In Eq. (26), [diag(,)] denotes the diagonal matrix and its jth component is
defined by

q,:—% (G =1,2,3,4). 7)

Now, consider a finite pipeline element of length /. The spectral components of the nodal dof (simply, spectral nodal
dofs), shown in Fig. 2, are defined by

WO)y=Wi, W)= W,,

00)=0,, O()=0,,

U0)=U,, Ul=U,,

C0)=Ci, C()=C,

P(0)=P1, P()= Py, (28)
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M1, 61 < l > Mza 62

Fig. 2. Sign convention for the pipeline element.
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where ©(x) = W’(x) denotes the slope. Substituting Eq. (25) into Eq. (28) gives the relationships between the spectral

nodal degrees of freedom (dofs) vectors and the constants vectors as follows:

{dw} = [Hw(w)]{qﬁw},
{du(f} = [Huc'(w)]{¢uc},

where

)={W 6 Wy 6},
{dey={U1 Uy C Gy,

1 1 1 1
ik ik, ik3 iky
(4] () es [}
iklel ikzez ik3€3 ik4€4
1 1 1 1
es €6 e7 eg
[Hyo(0)] =
o [2%) o3 olg
o1es 0hreg U3e7 o€y
with
e =e¥ (1=1,2,3,...,8).
From Eq. (29), one may obtain
{¢w} = [Hw(w)]il {dw},
{¢uc} = [Huc(w)]_l{duc}~
Substituting Eq. (32) into Eq. (25) gives
W(X) = [NW(X; w)]{dw}a
U(x) = [Nu(x; 0)[{dc},
C(x) = [Ne(x; 0)]{dc}

where [N,], [V,] and [NV_] are the dynamic (frequency-dependent) shape function matrices defined by

[N (x; 0)] = [e COIH ()],
[Nu(X; CO)] = [euc(x)][Huc(w)]71 5
[N (x; 0)] = [eue () H ue()[H ()]

(29)

(30)

(D)

(32)

(33)

(34)

The variational approach will be used to formulate the spectral element matrix by using the displacement and fluid

field given by Eq. (33). The weak form statements of the first three equations of Eq. (18) are given by

i
/ (@ W'SW" + (ar + T)W'SW + T, W' SW' + azsioW'SW — aye* WOW} dx
0

— V2oWy — V1OW — M260; — M50, =0,
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[ U'SU" + br*USU — by W'SU — by CoU — bsU) dx
—T,0U, — T 16U, =0,
JH=C'6C" + i C'3C + (eri — 307)C + csi@W'§C—csioU'6C' — ;U8 Cdx
+(iwP,/d1)5Cs — (iwP/d)sCy = 0.

(35)

where M;, V;and T;(i = 1,2) represent the spectral components of the resultant moments, the transverse shear forces
and the axial forces, respectively, at two nodes x = 0 and x =/, as defined by Eq. (5). Similarly, W;,®;, U;, C; and
P;(i = 1,2) represent the spectral nodal dofs at two nodes x = 0 and x = /, as defined in Eq. (28). Eq. (18d) has been
used to obtain Eq. (35c).

Substituting Eq. (34) into Eq. (35) and taking some manipulation gives a matrix form of equation as

[S()l{d} = {1}, (36)
where {d} and {f} are the spectral nodal dofs vector and the spectral nodal forces vector, respectively, defined by
Wi Vi 0
0, M, 0
W, Vs 0
w={ "4 =t b ’ (37)
u, (’ T ’
v, T, JobsNul" dx
C —iwP/d;
C, iwP,/d, 4x1

and [S(w)] is the spectral element matrix defined by

S11 0
[S(@)] = {m m], (38)
where

!
[su] = /0 {a [N IN"]+ &[N T IN"] + T[N ][N, + azioo[N,,]'[V,]

—as [N, ] [N]} dx,

!
[521] = /0 (—bs[NJTIN,] — csiof N JTIN, ) dx,

[s22] = /Ol{bl[N;]T [N,] + by (N[N = BINLJTIN + [V] T [VL] = crieo[ VT[N
— (e2i = c30”)[NJ' N + esiof N[N, ] + er o’ [N T[N, ]} dx, (39)
where
a = p, A+ myc2. (40)

In Eq. (38), [s12] = 0, which simply implies that the transverse displacement is not coupled with the axial displacement
and fluid velocity. If the fluid-related terms (2nd and 4th terms) are removed from [s;;], one may confirm that
the symmetric spectral element matrix for the bending vibration of a simple beam without internal flow is recovered
(Lee, 2004).

As an important advantage of the spectral-element-matrix-based SEM, as mentioned previously, only one finite
element will be enough for a uniform pipeline, regardless of its length, to obtain accurate dynamic characteristics of the
pipeline conveying internal unsteady fluid. However, if the pipeline is not uniform in terms of geometry or material
properties, then the pipeline needs to be divided into more finite elements. In this case, the spectral element matrices
should be assembled and this can be done by using the same assembly techniques as used in the conventional FEM. The
major difference is the addition of a Do-Loop over all discrete frequencies. Thus, if N spectral components are
considered in the spectral element analysis as shown in Eq. (17), the problem can be thought as a sequence of N pseudo-
static problems.
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Assembling the spectral element Eq. (36) and then applying the appropriate boundary conditions will provide a
global system dynamic equation (in frequency domain) as

[Se(@)[{d(w)} = {f,(0)}, (41)

where {f,} is the global spectral nodal forces vector, {d,} is the global spectral nodal dof vector, and [Sg(w)] is the global
dynamic stiffness matrix. The natural frequencies w,,, of a pipeline system can be obtained from the condition that
determinant of [S(w)] should vanish at the natural frequencies, that is

|S(wn<1t)’ =0. (42)

4. Numerical results and discussions

As illustrative examples, two straight pipelines simply supported at both ends are considered. As shown in Fig. 3,
pipeline A and pipeline B are both horizontal with respect to the ground, i.e., 0 = 0°, subject to same axial tension
T, =82N, and have exactly the same geometry. That is, they have a length L = 6000 mm, internal diameter
D = 32.12mm, and thickness ¢ = 1.4 mm. Pipeline A has uniform material properties: Young’s modulus E£; = 117 GPa,
Poisson’s ratio v; = 0.285 and mass density per unit length m,; = 1.318kg/m. Pipeline B consists of two materials: the
first-half of the pipeline has material properties (£}, v; and m,;) which are same as those for pipeline A, and the second
half of the pipeline B has material properties E> = 73 GPa, vo = 0.330 and m,» = 0.413 kg/m. The mass density of fluid
per unit length is m,, = 0.81 kg/m.

The accuracy of the present spectral element model is evaluated first by comparing the eigenfrequencies obtained by
using the present SEM with those obtained by the conventional FEM and the exact theory from Blevins (1979). The
finite element model used to obtain the FEM results is summarized in Appendix A.

Table 1 compares the eigenfrequencies of the first four bending vibration modes, the first axial vibration mode, and
the first fluid mode for pipeline A, all obtained by the present SEM, FEM, and the exact theory from Blevins (1979).
Because pipeline A is uniform, only one finite element is used to obtain the SEM results. On the other hand, the FEM
results are improved by increasing the total number of finite elements from 10 to 100, as shown in Table 1. When the
(steady-state) flow velocity is ¢, = 0m/s, the eigenfrequencies obtained by the present SEM are exactly identical to the
exact theoretical solutions. One can observe from Table 1 that, at all flow velocities, the FEM results tend to converge
to the SEM results as the total number of finite elements used in FEM is increased. For the present example problem,
one has to use more than 50 finite elements in the FEM to achieve the same accuracy for the fifth eigenfrequency as
achieved by the present SEM. One can also observe from Table 1 that the real parts of eigenfrequencies (i.e., natural
frequencies) are reduced in magnitude as the fluid velocity ¢, is increased. As a result, the first natural frequency

y
A
Ei, My, vy
T, < > X To
IA LI
(a) i< L gl
y
E, mp, Vq E,, my, V2
T, To
AN

—
e
(b) l—— L/2—>le——L/2—

Fig. 3. Example problems: a simply supported straight pipelines conveying internal unsteady fluid, where 7y = 82 N: (a) Pipeline A:
uniform pipeline; (b) pipeline B: nonuniform pipeline.
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Table 1
Comparison of the eigenfrequencies (Hz) for the uniform pipeline A, obtained by the present SEM, FEM and the exact theory (Blevins,
1979)

Fluid velocity (m/s) Method N w(]"'") w(z”') wg”‘) wf‘”') w(ﬁ”) w(]‘g
0 Theory (exact) 1.47 5.89 13.26 23.57 51.98 150.73
SEM 1 1.47 5.89 13.26 23.57 51.98 150.73
FEM 10 1.47 5.89 13.27 23.61 52.03 157.39
20 1.47 5.89 13.26 23.58 51.99 150.77
50 1.47 5.89 13.26 23.58 51.98 150.74
100 1.47 5.89 13.26 23.57 51.98 150.74
5 SEM 1 1.45 5.87 13.24 23.56 51.98+0.261 150.74+0.011
FEM 10 1.45 5.87 13.25 23.59 52.03+0.26i 150.89 +0.01i
20 1.45 5.87 13.24 23.56 51.99+0.261 150.77+0.011
50 1.45 5.87 13.24 23.56 51.98+0.261 150.74+0.01i
100 1.45 5.87 13.24 23.56 51.98+0.261 150.74+0.011
10 SEM 1 1.37 5.81 13.18 23.50 52.00+0.471 150.74 +0.02i
FEM 10 1.37 5.81 13.19 23.54 52.03+0.471 150.89 +0.02i
20 1.37 5.81 13.18 23.50 51.99+0.47i 150.77 +0.02i
50 1.37 5.81 13.18 23.50 51.98 +0.471 150.74+0.02i
100 1.37 5.81 13.18 23.50 51.98 +0.47i 150.74 +0.02i
20 SEM 1 1.03 5.55 12.94 23.26 51.97+0.861 150.74 +0.031
FEM 10 1.03 5.55 12.95 23.30 52.03+0.86i 150.89 +0.03i
20 1.03 5.55 12.94 23.26 51.99+0.861 150.77+0.031
50 1.03 5.55 12.94 23.26 51.98+0.86i 150.74 +0.03i
100 1.03 5.55 12.94 23.26 51.97+0.861 150.74+0.03i
28.65 SEM 1 0.00 5.18 12.59 22.93 52.00+1.18i 150.74 + 0.04i
FEM 10 0.00 5.18 12.60 22.97 52.02+1.18i 150.89 +0.04i
20 0.00 5.18 12.59 22.93 51.98+1.18i 150.77 + 0.04i
50 0.00 5.18 12.59 22.93 51.97+1.18i 150.74 +0.041
100 0.00 5.18 12.59 22.93 51.97+1.18i 150.74 + 0.04i

Note: N = number of finite elements; (w) = bending vibration mode; («) = axial vibration mode; (¢) = fluid mode.

Table 2
Comparison of the eigenfrequencies (Hz) for the nonuniform pipeline B, obtained by the present SEM and FEM when ¢, = 10m/s

Fluid velocity (m/s) Method N (U(l"') w(z‘") wé“’) wf;’) w((,") w%)
10 SEM 2 1.34 5.97 13.34 24.09 48.45+0.461 150.67 +0.46i
FEM 10 1.34 5.97 13.35 24.13 48.50 +0.461 152.08 + 0.461
20 1.34 597 13.34 24.09 48.46 +0.461 151.22 +0.46i
50 1.34 5.97 13.34 24.09 48.45+0.461 150.73 +0.461
100 1.34 5.97 13.34 24.09 48.45+0.461 150.69 +0.451

Note: N = number of finite elements; (w) = bending vibration mode; (#) = axial vibration mode; (¢) = fluid mode.

becomes zero at about ¢, = 28.65m/s (denoted by cp) and a divergence instability occurs. Similarly, Table 2 compares
the eigenfrequencies for the nonuniform pipeline B, when ¢, = 10m/s. As pipeline B consists of two uniform beams of
different materials, two finite elements are used. One can also confirm that the FEM results indeed converge to the SEM
results as the total number of finite elements used in FEM is increased.

Table 3 compares the CPU times (seconds) required to compute the eigenfrequencies by the present SEM and FEM
for the uniform pipeline A and the nonuniform pipeline B, given in Tables 1 and 2, when ¢, = 10m/s. The MATLAB
function ‘eig’ is used to compute the FEM results, while a common root-finding approach is used to obtain the SEM
results. Table 3 shows that the CPU time for the FEM results increases rapidly as the number of finite elements used in
FEM increases over about 20 for the present two example pipelines.
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Table 3
Comparison of the CPU times (seconds) required to compute the eigenfrequencies by the present SEM and FEM for the uniform

pipeline A and the nonuniform pipeline B, given in Tables 1 and 2 when ¢, = 10m/s

Methods SEM FEM

Uniform pipeline A N 1 10 20 50
CPU time (s) 65 44 348 12735

Nonunifrom pipeline B N 2 10 20 50
CPU time (s) 75 45 361 13441

Note: N = number of finite elements.

— SEM 2 elements
fffff FEM 2 elements
------- FEM 5 elements
» FEM 10 elements
107 ---- FEM 15 elements

10

Transverse Receptance (w/F)

0 5 10 15 20 25 30
Frequency (Hz)

9.6

— SEM 2 elements
------- FEM 5 elements
9.5H -.-.. FEM 10 elements
---- FEM 15 elements

941 05 1 15

Time (s)

Transverse Displacement w (mm)

8‘9 -'l- L L L 1 2 L
0.174 0.176 0.178 0.18 0.182 0.184 0.186 0.188 0.19
Time (s)

Fig. 4. Comparison of the transverse displacements at x = L/5 in the frequency and time domains obtained by the present SEM and

FEM.

The uniform pipeline A, shown in Fig. 3(a), is considered for the results given in Figs. 4-10. Fig. 4 compares the

dynamic responses of the transverse displacement obtained by the present SEM and FEM in the frequency- and time-

domains. It is assumed that the fluid velocity is ¢, = 10m/s. To excite the pipeline, a point load of 1 kN is applied at
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Fig. 5. Effect of fluid velocity on the eigenfrequencies w of the first three bending vibration modes: (a) real part of w; (b) imaginary
part of w.

x=L/5 for 0.001s. The dynamic responses are then computed at the excitation point, ie., x = L/5. Due to the
existence of the point load, two elements are used for the SEM results. It is certain from Fig. 4 that the dynamic
responses obtained by the FEM converge to the SEM results as the total number of finite elements used in the FEM is
increased. Thus, the results shown in both Table 1 and Fig. 4 may serve as proof of the high accuracy of the present
spectral element model.

Fig. 5 shows the effect of fluid velocity ¢, on the real and imaginary parts of the eigenfrequencies for the first three
bending vibration modes. A divergence instability may occur when the imaginary part of an eigenfrequency is negative
and the real part is zero, whereas a flutter instability may occur when the imaginary part is negative, but the real part is
not zero. For the present example problem, Fig. 5 shows that the divergence instability may occur in the first bending
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Fig. 10. The axial displacement and the perturbed fluid velocity and pressure at x = L/2 when ¢, = 10(1 +0.001 sin 1027z) m/s at the
inlet of the pipeline.

mode at about ¢, = 28.65m/s (i.e., divergence velocity, c¢p), and the flutter instability may occur in the coupled mode of
the first and second bending modes at about ¢, = 57.33m/s (i.e., flutter velocity, c¢r). This type of coupled-mode flutter
can also be observed in some aeroelasticity problems (Dowell, 1995). Fig. 6 shows the time histories of the transverse
displacement at four different fluid velocities, including the divergence and flutter velocities, and Fig. 7 shows the
corresponding frequency response functions, i.e., receptances. For Figs. 6 and 7, the same point load as applied for Fig.
4 is applied to excite the pipeline and all dynamic responses are measured at x = L/5. As expected, the dynamic
response indeed diverges at the divergence velocity ¢p, and it shows a flutter behavior at the flutter velocity ¢z The small
ripples appearing in Fig. 6(c) are due to inevitable computational errors.

The axial displacement is coupled with the perturbed fluid velocity. Eq. (16) shows that the axial displacement can be
excited by the steady-state flow through the friction term mfc§ /2D, without need to apply an external excitation load.
Therefore, both the axial displacement and the perturbed fluid velocity will generate the perturbed fluid pressure
through the last equation of Eq. (16).

Fig. 8 shows the axial displacement u, the perturbed fluid velocity ¢, and the perturbed fluid pressure p,, all measured
at x = L/2 when ¢, = 10m/s. The root-mean-square (r.m.s.) values of u, ¢, and p, are shown in Fig. 9 as the
function of fluid speed c¢,. The r.m.s. values are computed from the corresponding time responses for 1.5s. Fig. 9
shows that all r.m.s. values of u, ¢, and p, increase exponentially, in the quite similar pattern, as the fluid speed ¢,
increases.

When the inlet fluid velocity is controlled by ¢, = 10(1 4+ 0.001sin 104n7) m/s, the axial displacement, the perturbed
fluid velocity and the perturbed fluid pressure are shown in Fig. 10. Fig. 10 shows that all responses tend to rapidly
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increase with time. This is because the excitation frequency of the inlet fluid velocity (i.e., 52 Hz) is chosen to be almost
identical to the natural frequency of the first fluid mode at ¢, = 10m/s (see Table 1) so that the resonance phenomenon
occurs. Since the rapid increase of axial displacement and internal fluid pressure may result in serious structural failures,
one may need to pay more attention whenever the inlet fluid has an excitation frequency very close to a natural
frequency of the internal fluid.

5. Conclusions

In this study, a spectral element model is developed for the straight pipelines containing internal unsteady flow. First,
a set of nonlinear, coupled pipe-dynamics equations is derived, in which the axial and transverse displacements of the
pipeline and the fluid velocity and pressure of the internal flow are all considered as independent variables. Next, the
coupled pipe-dynamics equations are linearized about the steady-state fluid pressure and velocity to derive a linear pipe-
dynamics model, as the first approximation. The spectral element model is then formulated for the linear pipe-dynamics
model by using the frequency-dependent shape functions exactly obtained from the linear pipe-dynamics equations. The
high accuracy of the present spectral element model is numerically verified in due course by comparing the
eigenfrequencies and dynamic responses obtained by the present SEM with those obtained by the conventional FEM
and exact theory. Lastly, the spectral element analysis is conducted to investigate the stability and dynamic
characteristics of an example pipeline conveying internal unsteady fluid.

Appendix A

The finite element model used in this paper is formulated by using the displacement fields and fluid fields within a
finite element of length / defined by

W(X, t) = [Nw(x)]{dw(t)}7
u(x, 1) = [Nu(x)Ndu(1)},
ca(x, 1) = [No(x){d(n)}, (A1)

where {d,(?)}, {d,(?)} and {d.(?)} are the vectors defined by

{d, (1)} = {w1(0), 01(2), wa(2), 0>(D)} ",
{d ()} = {ui (1), (D)7,
{do(0)} = {c1(D), 2(D}T (A.2)

and [N,,(x)], [V,(x)] and [N.(x)] are the shape function matrices defined by

[Nw(x)] = [Nwl (X) Nw2(x) NwS (.X) Nw4(x)]9
[Nu(x)] = [er(x) Nr2(x)]’
[Nc(x)] = [Nn (x) Nr2(x)]a (A.3)

where

Nou(x)=1=3x2/P 423/, Nux)=x—2x"/1+x/P,
Nys(x) =3x2/P =253 [P, Nyu(x) = —x> )1+ x° )2,
Nu(x)=1—-x/l, Npax)=x/l (A4

By following the conventional finite element formulation procedure (Reddy, 1993), the finite element equation is
derived in the matrix form as

[M]{d} + [C){d} + [K]{d} = {f}. (A.5)
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where {d} and {f} are the nodal dofs vector and the nodal forces vector, respectively, defined by
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